Back2round
The purpose of this Grant is to investigate the possibilities of using hp-time finite elements to solve problems of rotorcraft trim and periodic response. Although conventional time-marching and Fourier methods have been somewhat successful, they do not always converge.
Thus, methodologies need to be studied. The class of hp methods in time has the advantage that it is applicable even to unstable systems and easily converges on discontinuities in the solution.
Personnel
During the duration of this Grant, the Principal Investigator (Dr. David Peters) spend 0.9 manmonths of effort; and Graduate Research Assistants Ay Su, Lin-Jin Hou, and Yi-Ren Wang spent 2.57, 1.00, and 0.75 man-months, respectively. The work of Mr. Su and Mr. Wang was primarily in providing flap-lag response for comparisons. Mr. Hou, however, did all of the finite-element coding.
Results
The results of this work include trimmed and untrimmed cases, flap and flap-lag cases, and are for both displacement and mixed formulations. 
FOURIER SERIES ANALYSIS
To implement a Fourier analysis, we express the flapping angle 3 in terms of a harmonic series with Nh harmonics and the number of terms N -2Nh + 1 
i=l Integration by parts and use the periodicity of the _i yields
Now, we consider for comparison the alternate approach of using finite elements in time by virture of Hamilton's strong principle
for the current problem. Substitution of the above into equation (4) yields
where the _i must be periodic, since equation (4) The equations for these trim conditions, which can be taken as formal side constraints, are
lfo"
Due to the orthogonality of triogonometric function, equations (7), (8) yield for Fourier analysis q2 = 0, q3 = 0 Equation (6) can also be replaced by an alternative form in which thrust is
where Cr(t) is obtained by blade element theory 
where the trailing term -_'=1 6qi.pl can be thought of as the virtual action 6A entering (or leaving) the time boundaries t; and t I. Thus, one might interprete equation (10) as a variational statement of elasto-dynamics, "the variation of the action plus the virtual action over the time interval ti < 0 < t t plus the net virtual action across the time boundaries must sum to zero".
Before proceeding further in displacement development, we integrate equation (10) by parts for the linear flapping problem which yields
Obviously, for equation (11) to be valid for all 6_(_, the following equations
The For the periodic problem,
is a weak condition enforced through p0 = pr which can be thought of as a Lagrange multiplier. Equation (10) can then be written as
Since Ap is unknown, we must. set 6/3(2z') = 6/3(0) for a billnear formulation. For numerical solution, we choose the integrals of Legendre polynomials P._(z) as shape functions for _ and 6/3
where N is the number of terms in/9 or 6/3and
If the Lagrange multiplier is retained as an unknown (not bilinear), then there is no constraint on 6/3 and we have N + 1 equations in N + 1 unknowns.
(Recall that the (N + 1) "t equation is the required constraint B(0) =/3(27r).) However, if 6/3 is constrained, one equation is lost and _p is eliminated yielding N equations in N unknowns.
• Momentum in the Displacement Method Momentum in the displacement method can be obtained in three ways : 
The reason that equation (17) 
.
Thus, the ),,, can be retained or the 6/3 be restricted.
The trim constraint equations for multi-elements with (N -1) th order polynomial are For the flapping problem,
The mixed formulation for the flapping problem is then The C O shape functions axe chosen to be hierarchical "bubble" functions 
where Obviously, the continuityof 6/5and 6p is required to eliminate the unknowns _p, _/3at end of the period.
For hp finiteelements, the nodal momenta can be recovered by following the same steps as equation (20) and by discretizing the time domain in trailing terms (27) n_=l Thus, the nodal values A_"_),A(_ '_)can then be found by solving equations
The trim equations for the mixed method are This relation is depicted in Table 3 .
•
Flap-Lag
We use the same model as in Ref.
[8] for the flap-lag problem. The schematical model is shown in Fig. 1 
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• -_(1 + _ud + 2#_'{) These polynomials can be related as follows
where r = _ and C_ is constant.
In order to express the characteristics of shape functions; errors are measured at the zeros (roots) of shape functions. The roots of integral of Legendre polynomials, for example, are more closely grouped near the endpoints.
This indicates that the polynomials are able to oscillate with increased frequency near the endpoints, and are better suited for approximating singular behavior which occurs at the endpoints than are trigonometric functions or uniform h-version meshes. For trigonometric functions,the roots axe evenly distributedin the interval-1 _< z _< 1 and they have the important property that they "absorb" singulartiesat the finiteelement boundaries. Equation (39) also indicatesthat the zeros of Jacobi polynomials and the integralsof Legendre polynomials are equivalent. Table 4 and 5 show the number of zeros and polynoinial order in the mixed and displacement formulations.
The shape functions in the displacement method start with linearfunctions (N = 2), since the order of the polynomial n --N -I. We thus need 2 points in each element for error analysis,which would be the nodes of elements. For N = 3, the quadratic polynomial needs an additional point to measure error which is the zero of next higher order polynomial. By keeping the state variablesin their primative forms, the mixed method is able to start with constant (N = 2 in Eq. (25) 
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